Jacobi structures were independently introduced by Lichnerowicz [27; 28] and Kirillov [21], and they are a combined generalization of symplectic or Poisson structures and of contact structures.
Problem B-J. Give conditions on a compact Jacobi manifold that ensure the degeneracy at the first term of the first spectral sequence.
Both problems were proposed by Brylinski in [6] and solved in [10; 11; 12; 13; 30; 42] in the context of Poisson manifolds. In this paper we study these problems for Jacobi manifolds.
The paper is structured as follows. In Section 2, we introduce the notation and preliminary results that are necessary for the rest of the paper. We present symplectic, almost cosymplectic, contact, and locally conformal symplectic manifolds as examples of Jacobi manifolds. In fact, a Jacobi manifold possesses a generalized foliation, with even-dimensional leaves being locally conformal symplectic manifolds and odd-dimensional leaves being contact manifolds (see [9; 28; 29] ). We can say that symplectic manifolds are the bricks used to construct Poisson structures; however, Jacobi structures are more involved and so we need symplectic, locally conformal symplectic, and contact bricks.
The extension of the Koszul-Brylinski operator δ is given in Section 3. It is the commutator of the contraction by the 2-vector and the exterior differential. Acting on basic forms, we have δ 2 = 0, and thus δ defines a canonical homology. We also have δd + dδ = 0; we can then define a canonical double complex (E (M ) denotes the space of basic k-forms with respect to the vector field E. We prove that the second spectral sequence always degenerates at the first term by using a master formula that generalizes the one obtained in [13] . For the first spectral sequence, we prove that for contact manifolds it degenerates at the first term (Section 4). Notice that the double complex (E per p,q , d, δ) coincides with that defined by Brylinski [6] for Poisson manifolds, and in this case the first spectral sequence for a symplectic manifold degenerates at the first term. Our result thus holds for both symplectic and contact manifolds. However, it is no longer true for arbitrary Jacobi manifolds. In [13] we have shown a counterexample in the context of Poisson manifolds. Here, we exhibit a non-Poisson Jacobi counterexample-more precisely, a locally conformal symplectic (l.c.s.) manifold that is obtained as a circle bundle over an almost cosymplectic manifold.
With respect to Problem A-J, we prove that any basic cohomology class on a compact contact manifold has a harmonic representative if and only if it satisfies a hard Lefschetz theorem. This result is the analog in odd dimension to Mathieu's result for symplectic manifolds [30] . Thus, there is a natural parallelism for the odd-and even-dimensional cases. We also exhibit a strict Jacobi counterexample, a circle bundle over the Kodaira-Thurston manifold. With respect to the finiteness of the canonical homology groups, we prove that, for a contact manifold, they are isomorphic to the basic de Rham cohomology groups. Therefore, they have finite dimension if, for instance, the manifold is K-contact or Sasakian. Of course, the finiteness of the canonical homology groups is guaranteed for compact symplectic manifolds [6] .
Section 5 is devoted to the study of the canonical homology of a particular kind of Jacobi manifolds-namely, the locally conformal symplectic manifolds. A very interesting case are the so-called locally conformal symplectic manifolds of the first kind (see Vaisman [39] ). In contrast with the symplectic case, we prove that, in general, the canonical homology groups of an arbitrary l.c.s. manifold are not finite-dimensional. Moreover, we exhibit a 6-dimensional compact l.c.s. nilmanifold for which the first spectral sequence does not degenerate at the first term.
All the manifolds considered throughout this paper are assumed to be connected.
Jacobi Manifolds
Let M be a C ∞ manifold. Denote by X(M ) the Lie algebra of the vector fields on M and by C ∞ (M, R) the algebra of C ∞ real-valued functions on M. A Jacobi structure on M is a pair ( , E ), where is a skew-symmetric tensor field of type (2, 0) and E a vector field on M verifying
Here [ , ] is the Schouten-Nijenhuis bracket and L is the Lie derivative. The manifold M endowed with a Jacobi structure is called a Jacobi manifold. If (M, , E) is a Jacobi manifold, we can define a bracket of functions (called Jacobi bracket) as follows:
The mapping { , } :
is bilinear and verifies (i) support{f, g} ⊂ support f ∩ support g, (ii) {f, g} = −{g, f }, and (iii) {f, {g, h}} + {g, {h, f }} + {h, {f, g}} = 0 (Jacobi's identity)
for f, g, h ∈ C ∞ (M, R). Thus, the space C ∞ (M, R) endowed with the Jacobi bracket is a local Lie algebra in the sense of Kirillov (see [21] ). Conversely, a structure of local Lie algebra on the space C ∞ (M, R) of real-valued functions on a manifold M determines a Jacobi structure on M (see [16; 21] ).
If the vector field E vanishes, then { , } is a derivation in each argument, that is, { , } defines a Poisson bracket on M. In this case, (1) reduces to [ , ] = 0, and (M, ) is a Poisson manifold. The Poisson and Jacobi manifolds were introduced by Lichnerowicz (see [26; 28] ; see also [3; 17; 25; 40; 41] ).
The main examples of Poisson manifolds are symplectic and almost cosymplectic manifolds. A symplectic manifold is a pair (M, ), where M is an evendimensional manifold and is a closed nondegenerate 2-form on M. We define a skew-symmetric tensor field of type (2, 0) on M given by
is the space of all 1-forms on M and :
An almost cosymplectic manifold (see Blair [4] ) is a triple (M, , η), where M is an odd-dimensional manifold, is a closed 2-form, and η is a closed 1-form on M such that η∧ m is a volume form with dim M = 2m+1. If :
(η) is called the Reeb vector field of M. The vector field ξ is characterized by the relations i ξ = 0 and i ξ η = 1. It should be noticed that an almost cosymplectic manifold was called "cosymplectic" by Libermann [24] . A skew-symmetric tensor field of type (2, 0) on M is defined by
(see [12; 13] A contact manifold (M, η) is a Jacobi manifold. In fact, we define the skewsymmetric tensor field of type (2, 0) on M given by
The vector field E is just the Reeb vector field ξ = −1 (η) of (M, η). Using canonical coordinates, we have
We remark that i ξ η = 1 and i ξ dη = 0. On the other hand, let us recall that an almost symplectic manifold is a pair (M, ), where M is an even-dimensional manifold and is a nondegenerate 2-form on M. An almost symplectic manifold is said to be locally conformal symplectic (l.c.s.) if, for each point x ∈ M, there is an open neighborhood U such that d(e −σ ) = 0 for some function σ : U → R (see e.g. [16; 39] ). Equivalently, (M, ) is a l.c.s. manifold if there exists a closed 1-form ω such that
The 1-form ω is called the Lee 1-form of M. It is obvious that the l.c.s. manifolds with Lee 1-form identically zero are just symplectic manifolds. In a similar way as for contact manifolds, we define a skew-symmetric tensor field of type (2, 0) and a vector field E on M by
for all 1-forms α and β, where :
The contact manifolds and the locally conformal symplectic manifolds are a particular class of Jacobi manifolds known as transitive Jacobi manifolds. Take a Jacobi manifold (M, , E) and define a linear mapping
, we obtain # = − −1 . The Jacobi manifold (M, , E) is said to be transitive if, for all x ∈ M, the tangent space T x M is generated by # x (T * x M ) and E x [9] . Let (M, , E) be a transitive Jacobi manifold. Then we have the following statements (see [9] and the references therein).
(a) If dim M = 2m + 1 then, for every x ∈ M, it follows that
and if ω x = i E x x , we get that (M, ) is a l.c.s. manifold with Lee 1-form ω.
Therefore, a transitive Jacobi manifold (M, , E) is a contact or a l.c.s. manifold.
Next, we will prove that an arbitrary Jacobi manifold is foliated by leaves that are contact or l.c.s. manifolds. Roughly speaking, a Jacobi manifold is made of contact or l.c.s. pieces.
Let (M, , E) be a Jacobi manifold. If f ∈ C ∞ (M, R), then the vector field X f defined by X f = # (df ) + fE is called the Hamiltonian vector field associated with f. It should be noticed that the Hamiltonian vector field associated with the constant function 1 is just E. A direct computation shows that [X f , X g ] = X {f,g} [28] . Denote by D x the subspace of T x M generated by all the Hamiltonian vector fields evaluated at the point x ∈ M. In other words,
Since D is involutive, one easily deduces that D defines a generalized foliation in the sense of Sussmann [36] . This foliation is termed the characteristic foliation in [9] . Moreover, if L is a leaf of D then the Jacobi structure ( , E ) on M induces a transitive Jacobi structure ( L , E L ) on L. Thus, we deduce that the leaves of D are contact or l.c.s. manifolds (for a detailed study we refer to [9; 16] ).
Next, we explain the local structure of Jacobi manifolds. Let (M, , E) be a Jacobi manifold with Jacobi bracket { , }. Given a nonzero function a on M, we construct a new Jacobi structure on M by putting
We say that ( , E ) and ( a , E a ) are conformally equivalent. The Jacobi bracket arising from ( a , E a ) becomes
The following result was proved in [9] . 
the other brackets of coordinate functions being zero.
Remark 2.2. (i) A Jacobi manifold (M, , E) is said to be regular if the vector field E is complete, E = 0 at every point, and the 1-dimensional foliation defined by E is regular in the sense of Palais [34] . In such a case, the space of leavesM = M/E has the structure of a differentiable manifold and the canonical projection π : M →M is a fibration (surjective submersion). Moreover, we can define on M a 2-vector¯ as¯
Notice that, from (1),¯ is well-defined and (M,¯ ) is a Poisson manifold (see [9] ).
(ii) If (M, η) is a regular contact manifold with Reeb vector field ξ, then it is well known that the quotient Poisson manifoldM = M/ξ is a symplectic manifold with symplectic form such that π * = dη (see e.g. [4] ). In fact, is the dual 2-form of the bivector¯ .
(iii) In Section 5, we will prove that if (M, ) is a regular l.c.s. manifold of the first kind then the quotient Poisson manifold is an almost cosymplectic manifold.
The Canonical Double Complex for Jacobi Manifolds
Let (M, , E) be a Jacobi manifold, and denote by k (M ) the space of differential k-forms on M. We introduce the differential operator δ :
(M ) given by the commutator of i( ) and the exterior differential d; that is,
(see [8] ). We notice that if E = 0 (i.e., if (M, ) is a Poisson manifold) then δ is just the Koszul operator (see [6; 23] ). A direct computation gives the following explicit expression of δ.
where the hat denotes missing arguments.
Proof. The result follows from a direct computation that takes (2) into account. 
Proof. A straightforward computation, using (6), shows that
Using that ([a, b] ) together with (1) and (6), it follows that
Now, using again (6):
Thus, from (8) and (9) we have
Finally, the proposition follows from (7) and (10).
Proposition 3.3. For a Jacobi manifold (M, , E) we have:
Proof. (i) From (6) and the Cartan formula
Now, using (1):
Thus,
(ii) Using again (11), and since
For an integer k, we will denote by
The following corollary is a consequence of Propositions 3.2 and 3.3.
Using Proposition 3.1, we also deduce the following.
Let (M, , E) be a Jacobi manifold. Corollary 3.4 allows us to introduce the differential complex
, if E = 0) then this complex is just the canonical complex introduced by Brylinski (see [6] ). The homology of this complex is denoted by H can * (M ) and is called the canonical homology of (M, , E).
Also, we can consider the subcomplex of the de Rham complex given by the basic forms
The cohomology of this complex is denoted by H *
B (M ) and is called the basic de Rham cohomology of (M, , E).
A direct computation shows that dδ + δd = 0. Thus we can introduce the canonical double complex E * , * (M ), defined by
This double complex is concentrated on the first quadrant. Then we define the
Thus (see e.g. [5] ) there are two spectral sequences {E 
(M ).
Denote by δ r the differential of bidegree (−r, r − 1), so that the groups E r+1 p,q (M ) are isomorphic to the homology groups of the following sequence:
for some basic differential forms
In particular, for r = 1 the groups E 1 p,q (M ) of the first spectral sequence are isomorphic to the homology groups of the sequence
For r = 2, the groups E 2 p,q (M ) are isomorphic to the homology groups of the sequence
. (15) Similar definitions can be given for the terms E r p,q (M ), r ≥ 3. Let δ r be the differential of bidegree (r − 1, −r), so that the groups E r+1 p,q (M ) are isomorphic to the homology groups of the sequence 
For r = 1, the groups E 1 p,q (M ) of the second spectral sequence are isomorphic to the homology groups of the sequence
From (19), we obtain
. (20) In order to study the second spectral sequence, we need the following master formula.
for all positive integers k.
Proof. We proceed by induction. For k = 1 the proof is trivial. From (8) we have
Thus, (21) holds for k = 2. Suppose that (21) is true for an arbitrary k:
If we apply i( ) k−1 (on the right) to both sides of (22), we obtain that
Now, if we apply i( ) (on the left) to both sides of (23) then we deduce that
Adding (24) to (25), we finally have
Proof. We will show that δ r = 0 for all r ≥ 1. 
Thus, we can take β 1 = −i( )β. From (11) we deduce that
. Now, using Lemma 3.7 yields
Thus, we can take
It is clear that β 2 is also basic; that is, i E β 2 = 0 and L E β 2 = 0. Proceeding further, we obtain that
and moreover that β s is basic. Then, a representative element of the class δ r [β] r = [δβ r−1 ] r is, using Lemma 3.7,
which implies that δβ r−1 defines the zero homology class in E r p+r−1,q−r (M ). This completes the proof.
With regard to the first spectral sequence, Brylinski has proved that it degenerates at the first term for a compact symplectic manifold [6] . He also proposed the following problem.
Problem B. Give conditions on a compact Poisson manifold that ensure the degeneracy at the first term of the first spectral sequence.
Fernández, Ibáñez, and de León [12; 13] have obtained a counterexample (a 5-dimensional compact almost cosymplectic manifold M 5 ) for which the first spectral sequence does not degenerate at the first term. Another example (a Poisson structure of rank 2 on the Kodaira-Thurston manifold KT ) was given in [11] . Here, we propose the natural extension of Brylinski's Problem B.
In the next section we prove that the first spectral sequence degenerates for contact manifolds also.
Canonical Homology, Spectral Sequences, and Basic de Rham Cohomology on Contact Manifolds
In this section we study the double complex E per * , * (M ) on a particular class of Jacobi manifolds: contact manifolds.
Let (M, η) be a (2m + 1)-dimensional contact manifold and consider the iso-
The mapping can be extended to a mapping from the space
We define the star operator * B :
Notice that, from i ξ dη = 0, we have i ξ * B α = 0. We will now prove some properties of this operator.
Proof. Since i ξ η = 1 and i ξ dη = 0, we deduce that
This proves (i). Part (ii) is direct consequence of (i).
Proof. (i) For each point x ∈ M, let Ann(η x ) be the vector subspace of those tangent vectors in T x M that are annihilated by η x . Therefore, Ann(η x ) is a symplectic vector space with symplectic form (dη) x , and ( * B ) x is just the star isomorphism defined by the symplectic form (dη) x on Ann(η x ). Thus, the result follows from [24] .
(ii) Let {I × U, (t, q i , p i )} be a system of canonical coordinates on M; that is,
We can consider in U the symplectic form = i dq i ∧ dp i = dη. Now, if β is a basic k-form then it is a k-form on U, and a direct computation shows that * B β = * β and i( )β = i( )β, where * is the star isomorphism defined on the space of forms in U by the symplectic form and where = i (∂/∂q i ) ∧ (∂/∂p i ) (see [24] ). Thus, using Theorem 2. The following corollary states that the canonical homology of a contact manifold is just its basic de Rham cohomology. Corollary 4.3 permits us to obtain sufficient conditions to ensure the finiteness of the canonical homology groups of a compact contact manifold. In fact, we will prove that for a particular class of compact contact manifolds (the K-contact manifolds) the canonical homology groups have finite dimension.
Let (M, φ, ξ, η, g) be a (2m + 1)-dimensional almost contact metric manifold; that is (see [4] ), φ is a (1, 1) tensor field, η is a 1-form, ξ is a vector field, and g is a Riemannian metric on M such that Since ξ is Killing, we deduce that F is a Riemannian foliation and that g is a bundle-like metric. Moreover, we have
for X, Y ∈ X(M ), where ∇ is the Riemannian connection of g. This implies that ∇ X ξ = −φX. In particular, ∇ ξ ξ = 0 and thus the mean curvature 1-form associated with F is null.
We can define a star operator¯ B : [19] ). The relations between and¯ B are characterized by the formulas¯ With respect to this scalar product, the adjoint operatorδ B :
(see [19] ). A direct computation, using (28) and the fact that i ξ α = (−1) 
(M )). We have that a basic k-form α is transversally harmonic if
In [1] and [2] , the authors obtained a basic de Rham-Hodge decomposition for a transversally oriented Riemannian foliation on a compact orientable Riemannian manifold with bundle-like metric and with basic mean curvature 1-form (for a different proof of this result see [20] ; we also refer to [38] for a general reference). Using this result, it follows that there is a decomposition into mutually orthogonal subspaces A similar definition was introduced by Brylinski in [6] for symplectic and (more generally) Poisson manifolds by using the Koszul operator. Here, we also extend Definition 4.6 for arbitrary Jacobi manifolds in such a way that it would be consistent with Brylinski's definition.
In [6] , Brylinski proposed the following problem.
Problem A. Give conditions on a compact Poisson manifold which ensure that any cohomology class in H * (M ) has a harmonic representative α, that is, dα = 0 and δα = 0.
Brylinski proved that this holds for compact Kähler manifolds and cotangent bundles, and he conjectured that this would be true for any compact symplectic manifold. This conjecture was recently disproved by Fernández, Ibáñez, and de León [10] by exhibiting a counterexample. More generally, Mathieu [30] [42] . As a consequence, the odd Betti numbers of a compact symplectic manifold verifying Brylinski's conjecture are even. In the odd-dimensional setting, it was recently proved by Ibáñez [18] that, for a compact cosymplectic manifold, any de Rham cohomology class has a harmonic representative.
The following problem is a natural extension of the previous one. 
(M ). It is clear that [dη], f, and h are endomorphisms of B (M ). In fact, if α
∈ k B (M ) then [dη](α) ∈ k+2 B (M ), f (α) ∈ k−2
B (M ), and h(α) ∈ k B (M ).
Moreover, from a direct computation using (6), (8) , and the local expressions of η and in canonical coordinates, we obtain the following lemma. 
From (i) we deduce that {[dη], f, h} spans a Lie algebra isomorphic to sl(2), the Lie algebra of all 2 × 2-matrices of trace 0. From (ii) and since d (29) and (30) Let (M, φ, ξ, η, g ) be a compact K-contact manifold of dimension 2m + 1. Then the following two assertions are equivalent.
Sasakian manifolds may be considered as an odd-dimensional counterpart of Käh-ler manifolds. This leads to our next result. Proof. We will use the fact that a Sasakian manifold is K-contact. Suppose that dim M = 2m + 1. A (not necessarily basic) k-form α on M is called C-harmonic by Ogawa [33] if
whereδ is the codifferential on M and A = [dη] , with the Hodge star isomorphism. Notice that the C-harmonic basic forms are just the transversally harmonic basic forms (see (32) ). If k ≤ m and α is a C-harmonic k-form, then Ogawa [33] proved that α is basic and, as a consequence, the (k + 2)-form [dη]α = α ∧ dη is also C-harmonic. Now, if α is a transversally harmonic basic k-form (with k arbitrary) then, proceeding as in [33] , we also can prove that [dη]α = α ∧ dη is a transversally harmonic basic (k + 2)-form.
Using these results, we will deduce that the cup product 
On the other hand, from results for arbitrary almost contact metric manifolds (see [7, Lemma 6 Example 4.14. Let H be the Heisenberg group consisting of real matrices of the form
H is a 3-dimensional connected, simply connected, and nilpotent Lie group. A standard computation shows that a basis for the left invariant 1-forms on H is given by {dx 1 , dx 2 , dx 3 − x 1 dx 2 }. Now, we take the compact quotient \H, where is the uniform subgroup of H consisting of those matrices whose entries are integers. Hence \H is a 3-dimensional compact nilmanifold, and the 1-forms
The Kodaira-Thurston manifold KT [37] is
Denote by α 4 the canonical 1-form on S 1 . Then {α 1 , α 2 , α 3 , α 4 } is a basis for the 1-forms on KT such that
We recall that there exists a one-to-one correspondence between equivalence classes of principal circle bundles over a manifold N and the cohomology group H 2 (N, Z). Furthermore, given an integral closed 2-form on N, there is a principal circle bundle π : M → N with connection form η such that π * = dη; that is, is the curvature form of the connection [22] .
The 2-form = 2α 2 ∧ α 3 + α 1 ∧ α 4 on KT is symplectic and defines an integer class. Thus, there exists a principal circle bundle π : M → KT with connection form α 5 such that π * = dα 5 . We denote by the same symbols the lifted 1-forms α i (1 ≤ i ≤ 4) to M. It should be noticed that M is also a compact nilmanifold, with structure equations
Moreover, (M, α 5 ) is a regular contact manifold, and the induced symplectic quotient manifold is just KT . Since KT is a compact nilmanifold, its de Rham cohomology can be easily computed by using Nomizu's theorem [32; 35] . In fact, b 1 (KT ) = 3, and we deduce that KT does not verify the strong Lefschetz theorem. Thus, we conclude that H *
B (M ) H * har B (M ).
To end the example, if we integrate the structure equations (33) we can realize M as the nilmanifold¯ \G, where G is the group consisting of the matrices
and¯ is the subgroup of G consisting of the matrices with integer entries.
In the remainder of this section we study the behavior of the first spectral sequence for contact manifolds. 
is an isomorphism of homology groups. Moreover, f r commutes with the differential; that is,
Proof. Let α ∈ E 
Canonical Homology and Spectral Sequences of Locally Conformal Symplectic Manifolds
In this section we study the canonical homology and the behavior of the first spectral sequence for l.c.s. manifolds. Particularly, we will study the case of l.c.s. manifolds of the first kind according to Vaisman's classification [39] . Let (M, ) be a l.c.s. manifold with Lee 1-form ω. A vector field X on M is said to be an infinitesimal automorphism of (M, ) if L X = 0. We denote by X (M ) the space of the infinitesimal automorphisms of (M, ). If X ∈ X (M ) then, using (3), we deduce that
is a Lie subalgebra of the Lie algebra X(M ) of the vector fields on M (see [39] ).
Consider now the homomorphism l :
for X ∈ X (M ). We call l the Lee homomorphism of X (M ) (see [39] ). Since ω is closed, l is a Lie algebra homomorphism for the commutative Lie algebra structure of R, and it is clear that the homomorphism l is either trivial or an epimorphism.
Definition 5.1 [39] . A l.c.s. manifold M is said to be of the first kind if the Lee homomorphism l is an epimorphism.
We remark that a l.c.s. manifold (M, ) is of the first kind if and only if there exists X ∈ X (M ) such that l(X) = 0. In fact, the following theorem gives the structure of a l.c.s. manifold of the first kind. 
If (M, ) is a l.c.s. manifold of the first kind and U ∈ X (M ) is such that ω(U ) = 1, then U is said to be a basic infinitesimal automorphism of (M, ). Next, we study the canonical homology of a l.c.s. manifold of the first kind. 
Proof. Denote by the canonical isomorphism :
Therefore, from (6) and (34), we obtain that
which proves (i). Now suppose that˜ is the 2-vector on M given bỹ
Since i θ = U and i w = −E (see Theorem 5.2), we have that i θ˜ = i ω˜ = 0. Consequently, from Theorem 5.2 we get that
and therefore, using that ω is closed, we finally obtain
We next consider the submodule 
We denote by H can * U (M ) the homology of this complex, that is, 
Proof. If ( , E ) is the associated Jacobi structure on M, it is easy to prove (see (5) ) that (5) and Theorem 5.2, we have that
, andF k is an isomorphism. In fact, the inverse homomorphism is defined bỹ
On the other hand, from Proposition 5.3 we deduce that
In a similar way, the homomorphismF
. This ends the proof of our result.
Now we define an operator
The following properties will be useful in the sequel. 
Proof. A direct computation, using (37) and the fact that ω is closed, shows (i). Next, from (5) and Theorem 5.2, we deduce that
which proves (ii) and (iii).
Proposition 5.5 allows us to introduce the following differential complex:
Next, we study the relationship between the cohomology groups H Proof. Since L E = 0, we deduce that (39) and Theorem 5.2 it follows that
This proves (i). Part (ii) follows using (i). 
Proof. For a point x ∈ M, consider the subspace S x of T x M given by
where θ is the 1-form on M defined by θ = −i U . Then S x is a symplectic vector space with symplectic form (dθ) x (see Theorem 5.2), and ( * B ) x is the star isomorphism defined by the symplectic form (dθ) x on S x (see [24] ). Thus, (i) follows using the results of [24] . Now suppose that dim M = 2m and that (V, ψ) is a local chart in M such that (see [39] 
From (4), (5), Theorem 5.2, and (40), we obtain
Moreover, if we denote by d W the exterior differential in W, then-using (37), (40) , and (41)-we may deduce that
for (x, t, s) ∈ W × I × J, where α s is the k-form in W given by
On the other hand, from (38) , (40) , and (41) we have that
where * dθ is the star isomorphism on W defined by the symplectic form dθ = i dq i ∧ dp i and where dθ = i ∂/∂q i ∧ ∂/∂p i . Consequently, using (42), (43), and a result of Brylinski (see Theorem 2.2.1 of [6] ), we deduce that
It is then sufficient to check that
However, from (35) we obtain that 
Thus, there also are the following isomorphisms:
In Section 4 we showed that the canonical homology groups of a compact Kcontact manifold have finite dimension. Using Corollary 5.8, we will prove that the corresponding result does not hold for nonsymplectic l.c.s. manifolds. In fact, we will construct a counterexample. However, before exhibiting our counterexample, we will prove some useful general results. 
where ω is the Lee 1-form of M and π : M →M is the canonical projection. Thus, using (45) and Theorem 5.2, we obtain that the pair ( , η) is an almost cosymplectic structure onM. Moreover, we also deduce that the vector field U is π-projectable, and its projection ξ is just the Reeb vector field of the almost cosymplectic manifold (M, , η) . Now, denote by : X(M ) → We have that d In Section 4 we showed that the first spectral sequence of the canonical double complex of a contact manifold degenerates at the first term. This result does not hold for arbitrary l.c.s. manifolds as the next example will demonstrate. Before that, we have the following result. (see [12; 13] 
Define a 2-form = α 1 ∧ α 4 + α 2 ∧ α 3 and a 1-form η = α 5 onM. The pair ( , η) is an almost cosymplectic structure onM (see [12; 13] ). Moreover, the 2-form defines an integer class, say, [ ] ∈ H 2 (M, Z), and hence there exists a principal circle bundle π : M →M with connection form α 6 such that π * = dα 6 . We denote by the same symbols the forms onM and their pull-backs to M. Thus, we deduce that M is a compact nilmanifold with structure equations dα 1 = dα 2 = dα 5 = 0,
Furthermore, from Proposition 5.10 we get that (M, ) is a l.c.s. manifold of the first kind, with = α 1 ∧ α 4 + α 2 ∧ α 3 − α 5 ∧ α 6 .
Since the first spectral sequence ofM does not degenerate at the first term (see [12; 13] ), the same holds for M.
To end the example, if we integrate the structure equations (46) 
